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2.1. Eisenstein . $z=x+iy(y>0)$ $s=\sigma+it(\sigma>$
1) , $SL(2, \mathbb{Z})$ Eisenstein $E^{*}(z, s)$
.
$E^{*}(z, s)= \frac{1}{2}\pi^{-s}\Gamma(s)\zeta(2s)\sum_{(c,d)=1}\frac{y^{s}}{|cz+d|^{2s}}$ , (2.1)
$\Gamma(s)$ , $\zeta(s)$ Riemann , $\Sigma_{(c,d)=1}$
$(c, d)$ . $E^{*}(z, s)$ .
(1) $E^{*}(z, s)$ $s$- , $s=0,1$ –
.
(2) $E^{*}(z, s)$ ,
$E^{*}(z, s)=E^{*}(z, 1-s)$ . (22)
(3) $E^{*}(z, s)$ $z$ $SL(2, \mathbb{Z})$ .
$E^{*}( \frac{az+b}{cz+d},$ $s)=E^{*}(z, s)$ , $\forall\in SL(2, \mathbb{Z})$ . (2.3)
(3) $E^{*}(z+1, s)=E^{*}(z, s)$ . $E^{*}(z, s)$ Fourier
$E^{*}(z, s)= \sum_{n=-\infty}^{\infty}a_{n}(y, s)e^{2\pi inx}$ (2.4)
.
$a_{n}(y, s)= \int_{0}^{1}E^{*}(x+iy, s)e^{-2\pi inx}dx$ . (2.5)
(2.2) (2.5)
$a_{n}(y, s)=a_{n}(y, 1-s)$ (26)
$n$ .
$n\neq 0$ $a_{n}(y, s)$
$a_{n}(y, s)=|n|^{s-1/2} \sqrt{y}K_{s-1/2}(2\pi|n|y)\sum_{d||n|}d^{1-2\epsilon}$
( $K_{\nu}(\cdot)$ $K$-Bessel ),
(2.7)
. $K$-Bessel P\’olya
$u>0$ $K_{s-1/2}(u)$ ${\rm Re}(s)=1/2$
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$\sum_{d|n}d^{1-2e}=\prod_{p^{e}||n}\frac{1-p^{(e+1)(1-2s)}}{1-p^{1-2s}}$ (2.8)
, $y>0$ , $a_{n}(y, s)$ (2.6) ${\rm Re}(s)=$
$1/2$ Riemann [1]. Eisenstein
Fourier DirichletL-
. - , $a_{0}(y, s)$
$a_{0}(y, s)=\zeta^{*}(2s)y^{s}+\zeta(2(1-s))y^{1-s}$ $(\zeta^{*}(s)=\pi^{-\epsilon/2}\Gamma(s/2)\zeta(s))$ , (2.9)
$n\neq 0$ . Riemann
? Hejhal [2] $y\geq 1$
$a_{0}(y, s)$ ${\rm Re}(s)=1/2$ .
.
1. $y\geq 1$ $a_{0}(y, s)$ .
$y^{*}=4\pi e^{-\gamma}=7.055507\cdots$ ( $\gamma$ Euler ), (2.10)
,
(i) $1\leq y\leq y^{*}$ $a_{0}(y, s)$ ${\rm Re}(s)=1/2$ .
(ii) $y>y^{*}$ 2 $\rho_{y}$ . $1-\rho_{y}(1/2<\rho_{y}<1)$ $a_{0}(y, s)$
${\rm Re}(s)=1/2$ . \rho |
$\rho_{y}arrow 1$ $(yarrow+\infty)$ (2.11)
.
1. [2] Hejhal , $0<y<1$ Riemann
.
2.2. Weng . L. Weng $K$ $n$
$Z_{K,n}(s)$ . , -
$K$ Dedekind $\zeta_{K}(s)$ – , Dedekind -Tate
Arakelov – .
$Z_{K,1}(s)=(\Gamma-\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r})\mathrm{x}\zeta_{K}(s)$ , $Z_{K,n}(s)$
, $s=0,1$ , $Z_{K,n}(s)=Z_{K,n}(1-s)$
. – Euler $([6],[7],[8],[9])$ .
$Z_{\mathbb{Q},2}(s)$ . $D_{T}=\{z=x+iy$ ; $|z|\geq 1,$ $-1/2\leq x\leq$
$1/2,$ $y\leq T\}$ , $Z_{\mathbb{Q},2}(s)$ $E^{*}(z_{!}s)$






. (2.13) Euler . $Z_{\mathbb{Q},2}(s)$ – ,
$T\geq 1$






$Z_{\mathbb{Q},1}(s)$ Riemann , – $Z_{\mathbb{Q},2}(s)$
Riemann .
$Z_{\mathbb{Q},2}(s)$ Riemann !
2. $T\geq 1$ , $Z_{\mathbb{Q},2}^{T}(s)$ ${\rm Re}(s)=1/2$ .
2. $0<T<1$ (2.16) $Z_{\mathbb{Q},2}^{T}(s)$ ,
$a_{0}(y, s)$ $0<T<1$ Riemann .
$Z_{\mathbb{Q},2}^{T}(s)$ .
3. $T\geq 1$ $Z_{\mathbb{Q},2}^{T}(s)$ . $N(f, U)$
$f(s)$ $|{\rm Im}(s)|\leq U$ ,
$N(Z_{\mathbb{Q},2}^{T}(s;U)=N( \xi(2s);U)+\frac{2}{\pi}(\log T)U+O(\log U)$ (2.18)
. $\xi(s)=s(s-1)\zeta^{*}(s)$ .
3. Riemann ([5])
$N( \xi(2s), U)=\frac{1}{2\pi}U\log U-\frac{1}{2\pi}(\log 4\pi+1)U+O(\log U)$. (2.19)







– . [4] 1 Hejhal
.
2 .
1. $0$ 1 $F(s)$ .
(1) $F(s)$ .
(2) $F(s)=\pm F(1-s)$ .
(3) $a>0$ , $F(s)$
$|{\rm Re}(s)- \frac{1}{2}|<a$ (3.1)
.
$c\geq a$
${\rm Re}(s)>1/2$ $\Rightarrow$ $| \frac{F(s+c)}{F(s-c)}|>1$ (3.2)




( 2 ) $T\geq 1$ ,
$H^{T}(s)= \frac{1}{4}2s(2s-1)(2s-2)Z_{\mathbb{Q},2}^{T}(s)$ (3.5)
. , 2 ${\rm Re}(s)>1/2$ $H^{T}(s)\neq 0$
. (2.16)
1
$H^{T}(s)=\xi(2s)T^{s-1}-\xi(2s-1)T^{-s}$ , $\xi(s)=s(s-1)\zeta^{*}(s)\overline{2}$ (3.6)
,
${\rm Re}(s)>1/2$ $\Rightarrow$ $| \frac{\xi(2s)T^{\epsilon-1}}{\xi(2s-1)T^{-s}}|>1$ (3.7)
${\rm Re}(s)>1/2$ (s)\neq 0 .
42
(3.7) . $F(s)=\xi(2s-1/2)$ , $F(s)$ 1 (1)(2)(3)




$| \frac{\xi(2s)T^{\epsilon-1}}{\xi(2s-1)T^{-\epsilon}}|=|\frac{\xi(2s)}{\xi(2s-1)}|T^{2{\rm Re}(s)-1}\geq|\frac{\xi(2s)}{\xi(2s-1)}|>1$ .
(37) 2





















$5_{\text{ }}$ $e^{B\epsilon}$ .
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